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Abstract-A mathematical model is constructed to predict the shape of an experi- 
mentally obtained curve describing the back extraction phenomenon in the solvent 
extraction of a metal ion from an aqueous medium to an organic one. The model is 
obtained by augmenting a function desciibing the extraction process to include the 
back extraction phenomenon as a small parameter. This function is then expanded as a 
power series in terms of the independent variable and the small parameter as a 
consequence of hypothesizing that the dependent quantities are normally distributed. 
The first-order approximation so obtained yields a graph of the original function 
possessing characteristics agreeing with experimentally obtained data. The second- 
order approximation is also examined. The mathematical model thus provides a tool 
for further analytical analysis of the back extraction phenomenon. 
INTRODUCTION 
The process which this paper seeks to describe is the nonideal solvent extraction of 
metal chelates. Typically, the process involves the reaction of a metal ion, say M+‘, in an 
aqueous state or phase with an organic acid, say HL, called the chelating agent. The 
reaction is specified, in part, by the equilibrium expression 
MZ2 + 2HL, z$ ML2, + 2H+, (1) 
where the subscripts a and o denote whether a species belongs to the aqueous or 
organic phases, respectively. For simplicity, we have taken the charge of the free metal 
ion to be +2 and that of the ligand to be neutral; however, if the charge were +n, the 
appropriate equilibrium equation would be 
M+” + a nHL 0 = ML,” + nH+. (2) 
Frequently, the charge of 
ideal situation, the charge 
distribution coefficient 
the metal ion is unknown prior to its being extracted. In the 
may be determined from experiment by introducing the 
D ~ MA 
[M+"la 
and then plotting 1ogD vs pH = -log,o[H+] where the square brackets denote concen- 
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trations and D is an experimentally measurable quantity. In particular, the result of such 
a plot under ideal conditions should be a straight line whose slope, alogD/apH, is equal 
to the charge of the metal ion [l, 2,3]. Indeed, the principles of chemical equilibrium 
applied to Eq. (2) assert the existence of an equilibrium constant K,, such that 
K = [MLlo[H+I:: = D [H+l,” 
ex [M+“],[HL]:: U-IL]::’ (4) 
Taking logarithms, one has 
1ogD = log& + n log[HL], - n log[H’], 
1ogD = log& + n log[HL], + n pH 
and thus 
alogD/apH = n. 
The situation above is considered ideal because [HL], is assumed to be a constant of the 
reaction and the extracted species ML, is assumed to appear only in the organic state. 
It has been observed in many instances that the plot of 1ogD vs pH deviates 
considerably from a straight line. Some authors have attributed this behavior to two 
principal factors, the formation of nonextracted ionic complexes between the metal and 
the organic acid as well as a condition in which the extracting acid is excessively 
dissociated [4,5,6]. Another contributing factor is the presence of a small portion of the 
main extracted species, the neutral complex ML2, which has been back extracted into 
the aqueous phase. 
It is our intention to provide a mathematical model which incorporates the back 
extraction phenomenon under the hypothesis that [HLIO is still a constant of the 
reaction. The resulting shape of the 1ogD vs pH curve is seen to be parabolic up to the 
first order terms of a small parameter measuring the back extraction, which agrees 
qualitatively with experimental data obtained by Berger (Fig. 1, Table 1) [6]. Inclusion of 
the second-order terms significantly improves the degree of approximation provided by 
the model as measured by the root-mean-square of the deviations from the actual data. 
The data thus provide credibility for the model which may then be applied to more 
complicated situations. In particular, the case where [HL], is permitted to vary in- 
dependently of pH is to be considered in a subsequent study. 
Table 1 
PH (x’) 
First-order (Y ;) Second-order ( Y i ) 
D lwD (Y ‘1 approximatiorf approximationb 
2.31 0.026 -1.59 -5.69 -4.04 
3.82 0.290 -0.54 -0.98 -1.06 
4.44 0.369 -0.43 -0.56 -0.09 
4.77 0.369 -0.43 -0.70 0.54 
4.91 0.234 -0.63 -0.83 0.96 
“Calculated using Eq. (12) with CL = 0.01, A = B, XI = f = C xl/S, constant = 
z {‘IS. 
Calculated using Eq. (13) with p = 0.01, A = B, XI = f = Z x1/5, constant = 
z $15. 
Initial acid concentration 0.1 M, M” = Co”; 
c’ zz d($ (Yi - Yi)‘)/5 = 3.45; o2 = J(k (Y;- yi))/5 = 2.47; $$ 0.284. 
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Fig. 1. Plot of IogD vs pH. Curve A: Data points; Curve B: First-order approximation; Curve C: Second-order 
approximation. 
THE MODEL 
To begin the discussion of a model for back extraction, one would assume that the 
following equilibria govern the extraction of the simple species ML*: 
HL, zz HL, 
HL, Q= H,‘+L, 
M;* + 2L, s ML*, 
M,‘* + 2HL, zz ML10 + 2H;. 
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The expression for the distribution coefficient (3) must now include the extracted species 
in both numerator and denominator. 
since a small amount of the extracted species occurs in the aqueous phase. 
A previous study by Graff and Berger [7] shows that it is plausible to hypothesize the 
dependence of [M’*] upon pH to be of the form 
where x = pH which is the right half of a normal distribution with mean x0 for x 2 x0 and 
is constant for x < x0. The value of x0 is chosen to be the level of pH at which the rate of 
depletion of the M’* ion is deemed to become significant with respect to a criterion 
chosen prior to the experiment. A detailed discussion is found in [7], but a summary is 
presented in the Appendix. 
Equation (6) has implications for the dependence of [ML&, upon pH. The ideal 
situation where no back extraction occurs is described by Eq. (3) with the plot of 1ogD 
vs pH being a straight line. This implies that the dependence of [ML& upon pH must 
also be of the form (6) 
[ML& = B e-p(x-xl)2, B > 0; (7) 
in particular, the linear dependence of 1ogD upon pH in this ideal case forces OL = p. 
However, if back extraction is present, one can no longer conclude that CY = p since the 
experimentally obtained plots of 1ogD vs pH are not linear anymore. In addition, we 
shall assume that the respective concentrations of ML2 in the organic and aqueous 
phases are each equal to fixed percentages of the total amount of ML2 present, 
specifically, 
[ML23t,,,, = B e-p(x-X1)2, B > 0; 
[ML*], = pB @-+; 
[ML*], = (1 - p)B e-B(x-X1)2; 05 p 4 1. 
(8) 
The small parameter p represents the fraction of the total amount of ML2 which is back 
extracted; if p = 0, then the ideal situation obtains where back extraction does not 
occur. 
We proceed to outline the intent of the subsequent calculations. The expressions for 
[M”] and [ML*], Eqs. (6) and (8), respectively, are inserted into the definition of the 
distribution coefficient D, Eq. (5) and the derivative alogD/apH is computed formally. 
Next, a power series expansion is obtained about the values p = 0 and x = 1, for the 
differentiated term. The reason for choosing the value p = 0 for expansion is that one is 
interested in examining the effect of a very small amount of backward extraction and 
p = 0 represents the case where no such backward extraction occurs. The value x = xl 
was selected for the expansion in the x vairable, since the forward extraction attains its 
maximum concentration there. For the purpose of simplifying the computation, we take 
x0 = 0; if, in fact, x0 # 0, one need only replace x by x - x0 to obtain the corresponding 
equations for that case. 
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Substituting into Eq. (5), the representations of [M”] and [ML*] given by Eqs. (6) and 
(8) one has 
[MLzIo (1 _ p)B e-fi(X-X~)2 
D = [M+2], + [ML*], = A e-OX’ + B e-,%-x,)‘9 
from which it follows that 
al0gD a 1ogD 
-=-=-2p(x-x,)+2 
crAx + @B(x -xl) eax2-p(x-xl)z 
apH ax A + pB eaXL-8(x-x~)z ’ (9) 
Subsequently, the first order approximation in p about p = 0 is given by 
x (ax - p(x - XI)) exp{ax* - /3(x - x,)*JcL + Oz(cL), 
while the second order approximation in p about p = 0 is 
a 1ogD - - 2px, + 2((~ - p)x - $$CYX - p(x - x,)) exp{cux* - p(x - x,)*]c~ 
aPH 
+ 2 t *(ax - B(x - x,)) exp{2(ax2- /3(x- x,)*)}p* + 03(p). 
0 
The resulting first- and second-order approximations in both p and x about 0 and xl, 
respectively, are then found to be 
a 1ogD 2B -- 
aPH 
2CYx,+2(a-B)(x-x,)-- 
A 
and 
xexp{ax?][ox, + ((a! - B) + 2a2x3(x - ~,)IE.L + O&x - XI, II) (10) 
a 1ogD -- 
aPH 
2CXx, + 2(a - B)(x - x,) 
- 2: exp{ax:}[ax, + (2~~*x? + a! - /3)(x - x,) 
+ {ax,(cX - p + 4a*x3 + 2cXx,(a - B)](x - xJ21p 
+ 2 z ’ exp{2ax:}[ax, + (4a*x: + (Y - /3)(x - x,) 
0 
+ {2ax,(a - p + 4cr*x3 + 4cyx,(a - B)}(x - x,)*lcL* + 03(x - xi. PL). (11) 
The order symbols O,(p) represent terms which are of degree I in CL ; similarly the order 
symbols 0,(x -xl, CL) are used to represent terms which are of degree I in x - xl and CL. 
Since we are considering the back extraction as a small deviation from the situation 
where it does not occur, the implications of the condition alogD/apH = 2, which is 
obtained when p = 0 are determined first. If p = 0, then 
$$ - 2CYx, + 2((Y - /3)(x - x,) 
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implying that alogD/apH = 2 only if 
(Y = p = l/Xl. 
Using these values in Eqs. (10) and (Ill, respectively, we conclude 
alogD 
--2(1-:exp{l/o}p)-4:exp{l/a}p(x-xl)+02(x-xlrp) 
aPH 
or 
alogD 
apH^I 2( l -g exP{l/o)p + (i)’ exp{2/ojp2) 
+ 2(-2: exp{l/o}k +4(z)* exp{2/a}p’)(x - x,) 
+ 2(-4: exp{l/a}p + 8(:)* exp{2/a}p*)(x - x1)* + 03(x - xl, CL) 
and therefore 
logD-2(1-~exp{l/ol}~)(x-x~)-2~exp{l/u~~(x-x~)z+O~(x-x~)+constant 
(12) 
or 
1ogD - 2( 1 - zexp{l/rr}p + (~)‘exp{2/a}~*)(x -x1)’ 
+ (-2: exp{l/cu}p + 4(z)* exp{2/cz}pz)(x - x1)* 
+$-4: exp{l/a}F + *($)* exp(2/a)p*)(x - xJ3 + 04(x -xl) + constant. (131 
The last two equations demonstrate the effect that the presence of back extraction has 
upon the shape of the 1ogD vs pH plot. Since A and B represent the amplitudes of 
[H’*] and [ML*], respectively, they are positive quantities; thus, to a first-order ap- 
proximation, the resulting curve is a parabola with vertex 
x =x,+i(-l-$exp{-l/a}-l), 
which opens downward since 
- 2: exp(l/cY}p < 0. 
If the second-order terms are included, the 1ogD vs pH curve is a cubic, which is 
concave down in a neighborhood of x = x1, since 
a *logD 
apH2 I X=X1 = 
-4: exp{l/a}p( 1 - 2: exp{l/a}p) < 0 
for p sufficiently small. 
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In the case that the charge on the metal ion is +n instead of +2, then one has for the 
respective first- and second-order approximations 
a 1ogD 
- - n 
aPH ( 
1 -z exp{n2/4a}~ 
) 
- rr$ exp{n*/4a}F(x - xi) + 02(x - xl, CL) 
and 
alogD 
m - n (1 -z exp{n2/4a}p + (z)2 exp{n2/2u)p2) 
( 
B n* B2 
+ 2 - A 2 exp{n2/4a}p + n2 ;i: 
0 
exp{n2/2~}~2 
) 
(x - xl) 
B n3 2 
+ 2 - x 1 exp{n2/4cz}p +n 
( 
3B 
0 
A exp{n2/2a}~2 
) 
(x - xl!* + 03(x - XI, ~1 
or 
1ogD - n 
( 
1 -z exp{n2/4a}p 
) 
2 
(x - x1) - :: exp{n2/4cz}p(x - xl)‘+ 03(x - x1) + constant 
and 
1ogD - n (1 -z exp{n2/4a}p + (:)’ exp{n2/2a}~2)(x - x1) 
+ 
( 
B n2 
- x T exp{n2/4a}p + n2 (z)’ exp{n2/2a}p2)(x -x1)’ 
2 Bn3 B2 
+ 5 - x y exp{n2/4a}p + n’ x 
( 0 
exp{n2/2a}p2 
) 
(x - x# + 04(x - x1) + constant. 
To a first-order approximation II, the resulting curve is again a parabola with vertex 
x =x1+: 
( 
-I-$exp{-n2/4a}- 1 , 
) 
which opens downward since 
- g: exp{n2/4a}k < 0. 
Including the second-order terms still produces a cubic, which is concave down in a 
neighborhood of x = xl, since 
a210gD 
apH2 X=X, =
-n2zexp{n2/40i}p(1 -2~exp{l/a}j.~)<O 
for p sufficiently small. 
The model’s first- and second-order approximation, where p = 0.01 for the experi- 
mental data of Table 1 are also tabulated there and shown in Fig. 1. Although the 
first-order terms alone give a curve which qualitatively has the same shape as the one 
obtained experimentally, the addition of the second-order terms effects a 28% im- 
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provement in the standard deviation, i.e., the root mean square of the deviations from 
the actual data. 
These results tend to support the experimental data which has been observed for 
nonideal solvent extraction systems, i.e., there exist normally organophillic species in the 
aqueous phase. The departure from the ideal causes significant deviations from plots 
which are usually linear. Conversely, the experimentally obtained data serves to support 
the veracity of the model and its continued use in the study of back extraction. 
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APPENDIX 
The dependence of [M’*] upon pH. 
One of the simplest equilibria which may persist during the extraction process is the 
addition of the hydroxide ion OH-’ to the metal ion M+’ symbolized by the equation 
M+* + OH-’ = M(OH)+‘. 
The classical chemical theory postulates the existence of an equilibrium constant of 
formation Kf such that 
[WOW+‘lo 
K’ = [M+*],[OH-‘1,’ (14) 
which is the only equation which specifically links the concentrations of these three 
species. Since the concentration of the hydroxide ion is always related to the concen- 
tration of the hydrogen ion by the relationship 
K, = [H+l,[OH-‘I,, 
one frequently expresses the equilibrium equation (14) in terms of [H’],, 
K,K = bWW+‘la[H+la w 
W+*la ’ 
(15) 
where K, is the equilibrium constant for the dissociation of water. The constants K, and 
K, are determined experimentally and assumed to be known. 
Using the definition of pH = -loglOIH’] and Eq. (15), it is possible to express the ratio 
[M”],/[MOH”], as an exponential function, 
[M+*la ,M~OH~+ll, = & 10mpH = KrK, e-pH”og’oe. (16) 
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The exponential form of the right hand side of Eq. (16) motivates the hypothesis 
regarding the dependence of [M’], and [M(OH)“], upon pH. Since the quotient of the 
two quantities must be exponential, one might assume they each have the form 
with XO< XI and x = pH. However, such an assumption is not adequate since for 
XO<X <xl one has 
W+“l = A exp{(/3 - CY)X + (px, - CYX~)) [M(OH)“-‘1, B 
implying that the ratio would be constant if (Y = j3, which is a realizable possibility. 
The next most obvious hypothesis is to assume a dependence of the type 
(17) 
with x0 < xl, which precludes the difficulty above when cy = p. Furthermore, since 
[M+“la = LL exp{(P - CY)X* + 2(axo - px,)x + px: - CXX~}, [M(OH)“-‘I, B xo<x <Xl, 
one can argue that (Y always equals p for then the quotient [M+“]/[M(OH)“-‘1 has the 
correct behavior. Observe that the nonconstant parts of the expressions in (17) utilize 
the right half of a normal distribution with mean x0 and the left half of a normal 
distribution with mean xl, respectively. Hence, the most elementary hypothesis for the 
dependence of [M’“], and [M(OH)“-‘I, upon pH is that of a normal distribution. 
